Gravitational waves from oscillating neutron stars in axial symmetry are studied performing numerical simulations in full general relativity. Neutron stars are modeled by a polytropic equation of state for simplicity. A gaugeinvariant wave extraction method as well as a quadrupole formula are adopted for computation of gravitational waves. It is found that the gauge-invariant variables systematically contain numerical errors generated near the outer boundaries in the present axisymmetric computation. We clarify their origin, and illustrate it possible to eliminate the dominant part of the systematic errors. The best corrected waveforms for oscillating and rotating stars currently contain errors of magnitude ∼ 10 −3 in the local wave zone. Comparing the waveforms obtained by the gauge-invariant technique with those by the quadrupole formula, it is shown that the quadrupole formula yields approximate gravitational waveforms besides a systematic underestimation of the amplitude of O(M/R) where M and R denote the mass and the radius of neutron stars. However, the wave phase and modulation of the amplitude can be computed accurately. This indicates that the quadrupole formula is a useful tool for studying gravitational waves from rotating stellar core collapse to a neutron star in fully general relativistic simulations. Properties of the gravitational waveforms from the oscillating and rigidly rotating neutron 1 stars are also addressed paying attention to the oscillation associated with fundamental modes.
One of the most important roles of numerical simulations in general relativity is to predict gravitational waveforms emitted by general relativistic and dynamical astrophysical phenomena. Rotating stellar core collapse and nonspherical oscillation of neutron stars are among the possible sources of gravitational waves. Therefore, fully general relativistic numerical simulation for them is an important subject in this field [1] .
To date, there has been no systematic work for computation of gravitational waves from rotating stellar core collapse to a neutron star in fully general relativistic simulation (but see [2] ). The gravitational waveforms have been computed only in the Newtonian gravity [3] [4] [5] [6] [7] [8] [9] or in an approximate general relativistic gravity [1] using the so-called conformal flatness approximation (or Isenberg-Wilson-Mathews approximation). As demonstrated in [1] , general relativistic effects modify the evolution of the collapse and emitted gravitational waveforms significantly. Thus, the simulation in full general relativity appears to be the best approach for accurate computation of gravitational waves.
In the case that the progenitor of the core collapse is not very rapidly rotating, nonaxisymmetric instabilities do not set in and, hence, the collapse will proceed in an axisymmetric manner. In such a collapse, the amplitude of gravitational waves measured in a local wave zone at r ≈ λ where λ denotes the gravitational wave length will be smaller, by two or three orders of magnitude, than that in highly nonaxisymmetric phenomena such as mergers of binary neutron stars and black holes. The amplitude of gravitational waves from an oscillating neutron star is also likely to be small due to its small nonspherical deformation.
Technically, it is not easy to extract gravitational waves of small amplitude from metric computed in numerical simulations, in which a numerical noise is in general contained. The numerical noise is generated due to the following reasons:
Gravitational waves are usually extracted from the metric in the wave zone in general relativistic simulations. Although they should be extracted at the null infinity, the outer boundaries of computational domain are located at a finite radius whenever the 3+1 for-malisms are adopted. Thus, the outer boundary conditions are imposed at finite radii and in general they are approximate conditions. As a result, a small numerical error may be excited around the outer boundaries. Here, the possible candidates of the numerical error are unphysical nonwave modes, spurious gauge modes, back reflections at the outer boundaries, and roundoff errors.
In this paper, we study gravitational waves from oscillating neutron stars in axial symmetry. Neutron stars in equilibrium are simply modeled by n = 1 polytropes. Oscillations of neutron stars are followed by axisymmetric numerical simulations in full general relativity. Gravitational waves are extracted using a gauge-invariant wave extraction technique.
The gauge-invariant variables are not contaminated by gauge modes and, hence, we can focus on other error sources using this variables. We also adopt a quadrupole formula for approximately computing gravitational waveforms to clarify its validity.
This work was planned from the following four motivations. The first one is to specify the error sources contained in the gauge-invariant variables extracted in the local wave zone.
As mentioned above, they could be contaminated by nonwave components and numerical errors. In particular, it is important to specify systematic error components contained in the gauge-invariant variables since as indicated in Sec. IV, the systematic errors may be eliminated at least partly if their origin is clarified.
The second motivation is to understand how large computational domains are needed to extract gravitational waveforms within ∼ 10% error. Since the gauge-invariant variables are extracted at finite radii, gravitational waveforms (in particular the amplitude) are slightly different from the asymptotic ones. It is important to clarify how magnitude of the error depends on the radius at which we impose the outer boundary conditions and on the radius at which we extract gravitational waves. A similar study was carried out about 15 years ago by Abrahams and Evans [10] . However, they were interested only in specific gauge conditions which were often used in axisymmetric numerical simulations in general relativity at that time. Moreover, the simulations were carried out only for non-rotating stars. In this paper, we adopt a different gauge condition often used nowadays in three-dimensional simulations, and report numerical results both for nonrotating and rotating stars.
The third motivation, in which we are most interested in the present study, is to investigate validity of a quadrupole formula in fully general relativistic simulations. For computation of gravitational waves generated by oscillations of gravitational field such as quasinormal mode ringings of black holes, quadrupole formulas cannot work. However, in rotating stellar core collapse to a neutron star and in oscillating neutron stars in which gravitational waves are generated mainly by matter motions, quadrupole formulas may be able to yield an accurate waveform. This method can be applied much more easily than geometrical methods in which gravitational waves are extracted from metric in the wave zone. Thus, a quadrupole formula which can yield high-quality approximate waveforms will be a robust method for computing gravitational waves of small amplitude from a noisy numerical data set. Note that a similar work has been already done by Siebel et al. [11, 2] in a null-cone formulation.
We here carry out the similar study for a 3+1 approach.
The last motivation is to understand the properties of oscillations of rotating neutron stars. During rotating stellar core collapse, gravitational waves associated with oscillations of a formed protoneutron star are likely to be emitted (see, e.g., [1] ). From the study for oscillating and rotating neutron stars, we will be able to understand what oscillation modes are relevant for the emission of gravitational waves during core collapses. We here pay attention to two fundamental oscillation modes (quasiradial and quadrupole p modes of no node for the density perturbation) which are candidates for the dominant modes in the oscillating and rotating stars formed after the collapse. This paper is organized as follows. In Sec. II, our numerical implementations for axisymmetric general relativistic simulation are briefly reviewed. In Sec. III, the gauge-invariant wave extraction technique and the quadrupole formula adopted in the present work are described. Sec. IV presents numerical results of gravitational waveforms emitted from oscillating neutron stars. The simulations were performed both for nonrotating and rotating neutron stars using an axisymmetric code recently developed [12] . Sec. IV is devoted to a summary. Throughout this paper, we adopt the geometrical units in which G = c = 1 where G and c are the gravitational constant and the speed of light, respectively.
II. NUMERICAL IMPLEMENTATION

A. Summary of formulation
We performed fully general relativistic simulations in axial symmetry using the same formulation as that in [12] , to which the readers may refer for details and basic equations.
The fundamental variables for hydrodynamics are:
ρ: rest mass density, ε: specific internal energy, P : pressure, u µ : four velocity,
where subscripts i, j, k, · · · denote x, y, and z, and µ the spacetime components. In addition,
we define a weighted density ρ * (= ραu t e 6φ ) and a weighted four-velocityû i (= (1+ε+P/ρ)u i ).
From these variables, the total baryon rest-mass and angular momentum of system, which are conserved quantities in axisymmetric spacetimes, can be defined as
General relativistic hydrodynamic equations are solved using a so-called high-resolution shock-capturing scheme [14, 15, 12] in cylindrical coordinates (or on y = 0 plane in Cartesian coordinates).
The fundamental variables for geometry are:
α: lapse function,
We evolveγ ij , φ,
, and the trace of the extrinsic curvature K k k together with three auxiliary functions F i ≡ δ jk ∂ jγik with an unconstrained free evolution code as done in [16, 17, 19, 20, 12] .
The Einstein equations are solved in the Cartesian coordinates. To impose axisymmetric boundary conditions, the Cartoon method is adopted [13] : Assuming a reflection symmetry with respect to the equatorial plane, we perform simulations using a fixed uniform grid with
Here, N and L are constants and ∆ = L/N. For y = ±∆, the axisymmetric boundary conditions are imposed using data sets on the y = 0 plane.
The slicing and spatial gauge conditions adopted in this paper are basically the same as those in [16] [17] [18] [19] ; i.e., we impose an "approximately" maximal slice condition (K We also performed a few simulations using a dynamical gauge condition [21] in which we solve
where ∆t denotes a timestep in a numerical computation. We have found that the magnitude of the numerical error depends weakly on the spatial gauge condition, but gravitational waveforms and qualitative nature of the numerical error do not. Thus, in this paper, we present the results obtained in the approximately minimal distortion gauge condition.
During numerical simulations, violations of the Hamiltonian constraint and conservation of mass and angular momentum are monitored as code checks. Numerical results for several test calculations, including stability and collapse of nonrotating and rotating neutron stars, have been described in [12] . Several convergence tests have been also presented in [12] .
B. Outer boundary conditions
Outer boundary conditions for geometric variables have been modified from previous ones [16] [17] [18] [19] . We impose a boundary condition for φ as
where M denotes the ADM mass of a system computed at t = 0. We note that M is an approximately conserved quantity in axial symmetry, since only a small amount of gravitational waves are emitted in axisymmetric oscillations.
For h ij (=γ ij − δ ij ), we first carry out a coordinate transformation from the Cartesian coordinates to spherical polar coordinates (r, θ, ϕ) with the flat metric, η ab [the subscripts a and b denote components of the spherical polar coordinates (r, θ, ϕ)], and then impose outgoing-wave outer boundary conditions of the form
where hâb denotes a tetrad component and
], the value of f i (t − r) at the outer boundaries should be equal to that at a time t − ∆t and at a radius r − ∆t which is determined using the values of 8 nearby grid points at a previous timestep [20] . These sets of the outer boundary conditions are well-suited for a solution of the linearized Einstein equation in the transverse-traceless gauge condition for h ab if they are imposed in a distant wave zone [24] . In the local wave zone, however, equations (7) are approximate boundary conditions since higher order terms of 1/r are neglected. Therefore, numerical errors and unphysical solutions may be generated around the outer boundaries. In addition, h ij should physically contain nonwave modes (such as stationary multipole modes) which do not obey the boundary conditions (7) . Since no attention is paid to such modes in imposing the condition (7), additional numerical errors may be excited.
In the case of the approximately minimal distortion gauge, we adopt the same boundary conditions for F i , K, andÃ ij as those used in previous papers [16, 17] : i.e., F i = K = 0, and an outgoing-wave boundary condition is imposed forÃ ij . In the dynamical gauge condition, an outgoing-wave boundary condition is imposed for F i , because it obeys a hyperbolic-type equation.
III. WAVE EXTRACTION METHODS
A. Gauge-invariant technique
Gravitational waves are extracted in terms of a gauge-invariant technique [22, 23] . In this method, the fully nonlinear 3-metric γ ab in spherical polar coordinates is split as η ab + ξ ab , where ξ ab is regarded as the perturbation on the flat background. In axial symmetry, ξ ab can be decomposed as l ζ l ab , where ζ l ab is given by
Here, * denotes the symmetric components. The first term in Eq. (8) corresponds to even parity (polar) perturbations and the second one to odd parity (axial) perturbations. The
and D l are functions of r and t, and are calculated by performing integrations over a two-sphere of a given radius. Y l0 is the spherical harmonic function, and W l0 is defined as
The gauge-invariant variables of even and odd parities are then defined as [22, 23 ]
where
Luminosity of gravitational waves is computed from
The time derivative of the gauge-invariant quantities in Eq. (14) is taken by a finitedifferencing. Hereafter, we focus only on the even-parity mode with l = 2 because for the oscillations considered in this paper, its amplitude is much larger than that of other modes.
In an appropriate radiation gauge, +-mode of gravitational waves is extracted from the asymptotic behavior of the following quantity at r → ∞;
For l = 2, h + can be written as
where A 2 (t) denotes a function of time. Using A 2 , the asymptotic behavior of R E 2 is written
B. Quadrupole formula
In quadrupole formulas, gravitational waves are computed from
where I -ij and P j i = δ ij − n i n j (n i = x i /r) denote a tracefree quadrupole moment and a projection tensor. From this expression, +-mode of gravitational waves with l = 2 in axial symmetry is written as
where I ij denotes an appropriately defined quadrupole moment, andÏ ij its second time derivative. Equation (19) implies that in quadrupole formulas,
t ret is a retarded time which is approximately defined by
where r circ = r(1 + M/2r) 2 ≫ M. Equation (20) is the valid expression only for the Schwarzschild spacetime. In axisymmetric spacetimes, the retarded time should depend on the direction of wave propagation. However, the magnitude of the difference between Eq.
(20) and the exact one would be of O(M) and, hence, much smaller than the typical wave length.
In fully general relativistic and dynamical spacetimes, there is no unique definition for the quadrupole moment and, hence, forÏ ij . Here, we choose for simplicity
Then, using the continuity equation of the form
we can compute the first time derivative aṡ
To computeÏ ij , we carried out a finite differencing of the numerical result forİ ij .
Since the quadrupole moment I ij is not defined uniquely in the dynamical spacetime in general relativity, gravitational waveforms computed by quadrupole formulas depend on the form of I ij . In addition, they depend on the gauge conditions, since a physical point which coordinates x i and t denote (and, as a result, the magnitude of I ij andÏ ij ) is not identical in two different gauge conditions. Even if an identical definition of the quadrupole formula is employed, waveforms do not in general agree when different gauge conditions are adopted.
Therefore, we should keep in mind that the waveforms computed from Eq. (19) are special ones obtained in specific choices of I ij and the gauge condition. All these facts imply that to know the validity of the quadrupole formula which one chooses, comparison between the waveforms by the quadrupole formula with those extracted from metric should be made.
IV. NUMERICAL RESULTS
A. Setting
The simulations were carried out along the following procedure: (1) neutron stars in equilibrium were prepared, (2) a perturbation to the equilibria was added, (3) the constraint conditions were re-imposed by solving the constraint equations for the perturbed state, and then (4) we started the time evolution.
To model neutron stars in equilibrium, we simply adopt the polytropic equation of state
where K is the polytropic constant and n the polytropic index. For the evolution of the neutron stars, we adopt a Γ-law equation of state in the form
where Γ = 1 + 1/n. We set n = 1 (Γ = 2) as a reasonable qualitative approximation to cold, In the present choice of the equation of state, physical units enter the problem only through the polytropic constant K, which can be chosen arbitrarily or else completely scaled out of the problem. For n = 1, K 1/2 has units of length, time, and mass, and K −1 units of density in the geometrical units. Using this property, we rescale all the quantities to be nondimensional and show only the nondimensional quantities.
One often prefers to use particular dimensional units even in the polytropic equation of state. For example, in [15] , the authors fix the value of K as 1.455 × 10 5 cgs. For the sake of comparison with the previous paper, we convert non-dimensional quantities to dimensional ones with the polytropic constant K = 1.455 × 10 5 cgs. In this special value, the mass, the density, and the time in the dimensional units are written as We adopted six models of neutron stars referred to as S1-S3 and R1-R3 in this numerical experiment. Models S1-S3 are spherical stars and R1-R3 are rigidly and rapidly rotating stars whose angular velocities at the equatorial surface are approximately equal to the Keplerian angular velocity (i.e., at mass-shedding limits). By exploring rotating stars at the mass-shedding limits, the effects of rotation on rigidly rotating neutron stars are clarified most efficiently.
The maximum gravitational masses of spherical stars and rigidly rotating stars with n = 1 (Γ = 2) are ≈ 0.164K 1/2 and ≈ 0.188K 1/2 , respectively [25] . Thus, the models adopted here are sufficiently general relativistic in the sense that their masses are close to the maximum values. In Table I , characteristic quantities for models S1-S3 and R1-R3 are listed in the nondimensional units (in the units with c = G = K = 1).
To induce nonspherical stellar oscillations to nonrotating stars, we superimposed a velocity perturbation as
where δu ̟ and δu z denote the four-velocity of cylindrical (̟ = √ x 2 + y 2 ) and z components.
V is a constant and put as V = 0.1/̟ e where ̟ e denotes the coordinate radius at the equator: i.e., at the equatorial surface, the velocity is ≈ 10% of the light speed.
For the rotating stars, two types of the perturbations are adopted. One is a velocity perturbation given by
with V = 0.3/̟ e . The other is a pressure perturbation in which we simply reduced the pressure uniformly by changing the polytropic constant from the equilibrium value to a smaller one. In this case, a quasiradial oscillation is induced. Since the rotating star is nonspherical, gravitational waves are emitted even in this setting.
The simulations were performed changing grid spacing and location of outer boundaries.
As found in [12] , the numerical results are sufficiently convergent if the stellar radius is covered by more than 30 grid points. Taking into account this fact, the grid spacing is fixed in the simulations of this paper as follows: For nonrotating stars, we chose it as ̟ e /40, and for rotating stars, ̟ e /60: Since the axial ratio of the rotating stars at the mass-shedding limit is ≈ 0.59, the polar axis is initially covered by about 36 grid points with this setting.
On the other hand, the location of the outer boundaries was changed varying N from 480 to 720. We typically choose N = 720, since with this number, L is larger than a characteristic gravitational wave length λ and, thus, the outer boundaries are located in a local wave zone. Since L > λ, we expect that the amplitude of gravitational waves could be calculated within ∼ 10% error. 
B. Systematic numerical errors
Since the outer boundaries are located in the local wave zone and, hence, the boundary conditions which are appropriate only for the distant wave zone are not precise ones, systematic numerical errors are generated around the outer boundaries. As a consequence, gravitational waveforms (gauge-invariant variables) are contaminated by numerical errors.
To accurately extract gravitational waves, we need to eliminate the errors from raw data sets of the gauge-invariant variables. it is necessary to eliminate the components (ii) and (iii).
The presence of the component (ii) is in part due to the fact that the gauge-invariant variables are computed at finite radii. They are composed not only of gravitational waves but also of a quasistationary component which falls off as r −n for n ≥ 2. In particular, rapidly rotating stars are of spheroidal shape and, hence, they yield quasistationary quadrupole and higher multipole moments which slowly vary throughout the simulation. As Fig. 2(a) shows (see for t−r * < 0), this component is smaller for the larger value of extracted radius because it falls off as r −n with n ≥ 2.
A part of the component (ii) and the component (iii) are numerical errors associated with an approximate treatment of the outer boundary conditions. In the following, we explain the origin of it in detail.
In the wave zone, the magnitude of h ij is small and, hence, it approximately obeys a linearized Einstein equation. In the formalism which we currently use [19] , the linearized equation for h ij is of the form 
where ∆ f denotes the flat Laplacian and S h ij is composed of spatial derivatives of a ≡ α − 1,
Here, |i denotes the covariant derivative with respect to the flat metric η jk .
Because of the functional form of S h ij , the solution of h ij may be written as
where h GW ij and ξ k obey the following equations:
Since the inhomogeneous solution of h ij , which is associated with S h ij , is written by a gauge variable ξ k , S h ij does not contribute the gauge-invariant variable * .
Gravitational waves may be extracted from G 2 , which is calculated by
This variable can be regarded as gravitational waves in gauge conditions in which ξ k = 0 (e.g., in the harmonic gauge condition). However, in the present case, ξ k is not guaranteed to be vanishing and the effects of ξ k are contained in G 2 . Consequently, the waveforms may be deformed by unphysical modulations and secular drifts due to the presence of ξ k .
This illustrates that the gauge-invariant technique plays an important role for extraction of gravitational waves in general gauge conditions.
General forms of outgoing-wave solutions of Eq. (34) for h GW ij
have been derived by Teukolsky [24] and Nakamura [27] . However, numerically, such solutions can be exactly computed only when (A) a strict outgoing-wave boundary condition well-suited in a local wave zone is imposed and (B) the transverse condition is guaranteed. In the present numerical simulations, these conditions are not satisfied strictly. Therefore, unphysical modes as well as numerical errors contaminate numerical solutions of h GW ij .
One of the candidates for the dominant unphysical modes is a solution for the equations
ij (x)t * The gauge-invariant variables are computed from γ ij − η ij ≡ H ij . In the linear order, H ij = h ij + 4pη ij . The linearized Einstein equation for H ij in our formulation [16, 19] is
If the Hamiltonian constraint in the linear level is satisfied, 8∆ f p−η kl F k|l = 0. Then, the solution of H ij ish ij + ξ i|j + ξ j|i , and consequently, the gauge-invariant variables do not contain ξ i . However, if the Hamiltonian constraint is violated, the effects of ξ i is contained in the gauge-invariant variables.
In the present work, we found that its effect is small, and hence we ignore it. Besides the global numerical errors described above, unphysical local waves of the form f (t ± r) may be contained in h GW ij . However, this is not a systematic error and, hence, it is not possible to eliminate systematically. Fortunately, the magnitude of such components is not as large as that of the systematic errors (see below).
The systematic non-wave components may be fitted using a function of the form C = C 0 (r)+C 1 (r)t. Thus, we determine C 0 and C 1 and then subtract C from the gauge-invariant variables. As mentioned above, C 0 (r) arises both from a nonwave component associated with the stationary quadrupole moment and from the unphysical modes associated with H n ij . C 1 (r)t arises from the unphysical modes associated with H n ij .
For the nonrotating stars, C 0 and C 1 appear to be unchanged throughout the simulations.
Thus, to determine C 0 (r) and C 1 (r) at each radius, a least-square fitting against the gaugeinvariant variables is carried out in the time domain. For the fitting, all the data sets with t − r * ≥ 0 are used.
For the rotating stars, on the other hand, C 0 and, in particular, C 1 suddenly change at t − r * ∼ 300M. (The reason is not very clear.) Thus, these coefficients are separately determined for t − r * > ∼ 300M and t − r * < ∼ 300M, carrying out the least-square fitting with two different data sets. Namely, we subtract a function of the form
where t m (r) is a time ∼ 300M and satisfies the relation C 0 (r) + C 1 (r)t m (r) = C ′ 0 (r) + C ′ 1 (r)t m (r) at each radius.
To validate that modified waveforms depend weakly on the subtraction method, the following alternative method is also adopted: According to Eq. (38), C 0 and C 1 for R E 2 are expressed by linear combinations of the functions r 4 , r 2 , r −1 , and r −3 . For a large value of the extraction radius L e , we may expect that C 0 ≈ 0 and C 1 ∝ r 4 at the leading order. In this assumption, C may be computed as
where r 1 and r 2 denote two different radii which is close to L e . After the subtraction of the dominant part, it is found that a component of small magnitude associated with C 0 still remains. To eliminate this remaining nonwave part, we simply subtract a constant from the resulting waveform.
In addition to the least-square fitting method, we have also adopted this method and confirmed that the subtracted waveforms by this alternative method agree approximately with those in the least-square fitting (the wave phases agree well, and relative difference of the amplitude is within 10%). Thus, in the following, numerical results based on the subtraction using the least-square fitting are presented.
In Figs. 1(b) and 2(b), we display improved gravitational waveforms rh + / sin 2 θ obtained after the nonwave components and the numerical errors are subtracted. It is found that the resulting wave amplitude and phase depend very weakly on the extracted radii for t−r * > 0.
This confirms that the extracted components are certainly gravitational waves.
For the rotating star, the amplitudes of the gravitational waveforms extracted at different radii are in slight disagreement each other. Figure 2(b) shows that the magnitude of the difference is ∼ 10 −3 . This indicates that even in the improved waveforms, numerical errors of magnitude ∼ 10 −3 still remain. The origin is likely to be a nonsystematic error such as spurious wave components.
Besides quasiperiodic waves, a spike is visible at the beginning of the simulation (at t ∼ 10M) in Figs. 1 and 2 . We do not understand the origin of it exactly. The following is inference for the possible origin: At t=0, we rather crudely add a weakly nonlinear velocity perturbation to equilibrium states. Because of the weak nonlinearity, impulsive gravitational waves may be excited besides eigen oscillation modes of the equilibrium stars. Such impulsive gravitational waves seem to propagate at t − r ∼ 0.
Before closing this subsection, we note the following: The magnitude of the numerical error associated with H n ij is not very large in three-dimensional simulations for binary neutron star merger [19] and oscillation of neutron stars [17] , although it might be contained.
We suspect that the excitation of such unphysical modes may be associated with the interpolation used in the Cartoon method. (In this paper, we simply adopt a second-order interpolation.) This suggests that there would be still a room to improve the interpolation scheme in our numerical implementation.
C. Gravitational waveforms
Nonrotating stars
Improved gravitational waveforms with l = 2 from axisymmetrically oscillating and nonrotating neutron stars for models S2 and S3 are displayed in Fig. 3 . For both models, the simulations were performed with N = 480 (dotted-dashed curves), 600 (long-dashed curves), and 720 (solid curves). Gravitational waveforms evaluated by the quadrupole formula (dashed curves) are displayed together to illustrate its validity. The quadrupole formula was used in all the simulations and it is found that the gravitational waveforms depend very weakly on the value of N. Here, the numerical results for N = 720 are plotted. very similar to that in Fig. 1, i .e., with the increase of L e (with the increase of N for a fixed grid spacing), the amplitude of the drift is larger. Figure 3 indicates that one oscillation mode is dominantly excited. As a result, the waveforms are well-approximated by a simple sine curve. Indeed, the Fourier spectra of rh quad + / sin 2 θ possess one sharp peak, and the oscillation periods are ≈ 0.84, 0.84, and 0.85 in units of 2π R 3 /M for models S1, S2, and S3, respectively † . Thus, irrespective of compactness of the neutron stars, the oscillation period is ≈ 0.85 × 2π R 3 /M. This implies that the oscillation is associated with the fundamental quadrupole mode, since the † In [15] , a three-dimensional simulation for an oscillating and nonrotating star which is almost the same as model S1 was performed. They computed approximate gravitational waveforms in a near zone (λ/L ≈ 0.12) and derived the period for the fundamental quadrupole mode as 0.83π
This value agrees with ours in ∼ 1% error.
coefficient (≈ 0.85) depends very weakly on the compactness of the neutron stars for a given equation of state [26] .
From Eq. (14), the luminosity of gravitational radiation as a function of time is computed. Since the luminosity also varies in a periodic manner, we define an averaged energy flux according to
where t 0 is a constant. For models S1-S3, the averaged luminosity is ∼ 6 ×
. Therefore, the energy dissipated in one oscillation period is much smaller than the total mass energy of the system and the radiation reaction timescale is much longer than the oscillation period. Figures 1 and 3 indicate that (i) the wave length is independent of L and L e , (ii) the amplitude of gravitational waves is overestimated for the smaller values of L and L e , and (iii) the amplitude for model S3 approximately converges to an asymptotic value for N > ∼ 600 within ∼ 10% error. These facts suggest that for L e > ∼ λ (see Table II ), convergent gravitational waveforms within 10% error can be computed. On the other hand, if the outer boundaries are located in a near zone with L < λ, the amplitude of gravitational waves is overestimated: For L ≈ 2λ/3, it is overestimated by a factor of ∼ 20%. This result is consistent with that in our previous study for gravitational waves from binary neutron stars in quasiequilibrium circular orbits [28] .
The quadrupole formula yields well-approximated gravitational waveforms besides a systematic underestimation of the wave amplitude. For models S2 and S3, the asymptotic amplitudes of A 2 /M are about 0.010 and 0.007, respectively. On the other hand, according to the quadrupole formula, they are about 0.008 and 0.0055. Thus, the underestimation factor is ∼ 20%. If it is due to the first post Newtonian correction, the factor should be proportional to the compactness of neutron stars M/R(= GM/Rc
v denotes typical magnitude of the oscillation velocity. To determine which the dominant component is, we performed a simulation reducing the magnitude of the velocity perturba-tion initially given (i.e., reducing the magnitude of V ) and found that the wave amplitude is underestimated by ∼ 20% irrespective of the magnitude of V . Therefore, we conclude that the underestimation factor is proportional to the magnitude of M/R in the present case.
Although the wave amplitude is underestimated, the wave phase is computed accurately by the quadrupole formula. The most important element in detection of gravitational waves using matched filtering techniques is to a priori know the phase of gravitational waves. From this point of view, the quadrupole formula is a useful tool for computation of gravitational waveforms.
Rotating stars
In Fig In contrast to those from oscillating and nonrotating neutron stars, the gravitational waveforms are not of simple sine curve. There are two main reasons. One is the following:
In the nonrotating case, the restoring forces against a compression for ̟ and z directions are of identical magnitude and, hence, the oscillation periods of two directions agree. For the rotating stars, on the other hand, the two restoring forces are not of identical magnitude and, therefore, the oscillation periods of two directions do not agree. Due to this fact, the waveforms are composed of more than two oscillation modes.
The other reason is that gravitational waves are emitted due to a quasiradial motion in the case of rotating neutron stars in contrast to nonrotating neutron stars. In particular,
we here choose rapidly rotating neutron stars and, therefore, the wave amplitude can be as larger as than for the quadrupole oscillations. To clarify what oscillation modes are relevant, the Fourier spectrum F (f ) for models R2 and R3 are displayed in Fig. 5 . This shows that there are two characteristic peaks in the spectrum. The oscillation periods defined by 1/f peak where f peak is the frequency of the peaks in the Fourier spectrum are listed in Tables I and III. For models R1-R3, the oscillation period of the larger frequency is
where R is the equatorial circumferential radius. The coefficient (≈ 0.5) depends very weakly on the compactness of the neutron star. This indicates that the oscillation mode is the fundamental quadrupole mode.
The frequency of the other peak is smaller than that of the fundamental quadrupole mode. This peak is likely to be associated with the fundamental quasiradial oscillation mode (p 1 mode). To confirm this prediction, we performed the Fourier analysis to the time sequence of the central density and found that the characteristic oscillation period indeed coincides with that of the second peak (see Table III The spectrum is normalized by the maximum value, and the frequency f is shown in units of M −1 .
The peaks of the smaller and larger frequencies indicate the quasiradial and quadrupole modes, respectively.
the characteristic frequency for quasiradially oscillating neutron stars presented in [12] . All these facts confirm our prediction.
The Fourier spectra indicate that gravitational waves from axisymmetric global oscillations of rigidly rotating stars are composed of two dominant modes. To confirm this conjecture, we performed simulations initiated from another initial condition in which the pressure is uniformly depleted but the velocity field is unperturbed. To uniformly deplete the pressure, K is decreased by 20% at t = 0. In Fig. 6 , we display (a) the gravitational waveform and (b) the Fourier spectrum for model R1 for this simulation. Figure 6 (b) shows that two modes, the fundamental quadrupole and quasiradial ones, are dominant again.
This result justifies our conjecture. In contrast to the cases in which the nonspherical velocity perturbation is added, the mode with lower frequency, i.e., the quasiradial mode, is dominant. This is because the matter motion is almost quasiradial.
In the collapse of massive rotating stellar core, a protoneutron star will be formed. If the progenitor star is not rapidly rotating and its degree of differential rotation is not high, the protoneutron star relaxes to a nearly quasistationary state soon after the collapse (e.g., As Fig. 4 shows, the wave amplitude decreases with time in the early phase (t − r * < ∼ 500M), and then relaxes to a small value. On the other hand, the amplitude does not decrease in Fig. 6 . This indicates that the amplitude of the quadrupole oscillation decreases with time to a small value, while the quasiradial oscillation does not. As mentioned above, the oscillation frequencies for z and ̟ directions are not identical for the quadrupole oscillation of rotating stars. As a result, shocks may be formed at a collision of compression waves in the two different oscillation directions. Repeating this process, the quadrupole oscillation may be gradually damped. On the other hand, there is no process that damps quasiradial mode quickly. Thus, it is reasonable to expect that the quasiradial mode eventually dominates in the oscillating and rotating stars.
Using Eq. (14), the luminosity is computed. It is found that until t ∼ 1000M, the total radiated energy is computed as ∼ 5 × 10 −5 M, which is much smaller than the total mass energy of the system. Therefore, the damping timescale of the wave amplitude due to gravitational waves is much longer than the oscillation and rotation periods.
As in the nonrotating case, approximate gravitational waveforms were computed using the quadrupole formula. Figures 4 and 6 indicate that the waveforms agree with those computed by the gauge-invariant method, besides a systematic underestimation of the amplitude. The underestimation factor is of order M/R as in the nonrotating cases. In the case of rotating stars, a modulation of the wave amplitude is outstanding. Using the quadrupole formula, however, such modulation can be well computed. As mentioned in IV C 1, the most important element in detection of gravitational waves using matched filtering techniques is to a priori know the phase and modulation of gravitational waves. The results here indicates that they are computed well in the quadrupole formula. Therefore, for computation of gravitational waves in rotating stellar core collapse to a protoneutron star, the quadrupole formula may be a useful tool.
V. SUMMARY AND DISCUSSION
We have studied gravitational waves from axisymmetrically oscillating neutron stars adopting the gauge-invariant wave extraction method as well as the quadrupole formula.
It is found that several types of the nonwave components such as the stationary parts of metric and numerical errors are contained in the gauge-invariant variables. The numerical errors are generated due to an approximate treatment for the outer boundary conditions.
We illustrate a method to subtract the dominant components of the numerical errors and demonstrate it possible to extract gravitational waves even from such noisy data sets with a residual of magnitude ∼ 10 −3 .
The gravitational waveforms computed in the quadrupole formula agree well with those obtained from the gauge-invariant technique besides a systematic underestimation of the amplitude by ∼ 20%. An important point is that the evolution of the wave phase and the modulation of the amplitude are computed with a good accuracy. This indicates that for a study of gravitational waveforms from rotating stellar core collapse to a protoneutron star, the quadrupole formula will be a useful tool in fully relativistic simulations. It should be also addressed that the result in this paper supports the treatment in [1] in which gravitational waveforms are computed using a quadrupole formula in approximate general relativistic simulations.
The gauge-invariant variables are extracted for various values of extraction radii. It is found that to extract gravitational waves within ∼ 10% error, the extraction radius has to be larger than ∼ 90% of the gravitational wave length. If the outer boundaries are located in the near zone with L < λ, the amplitude of gravitational waves is overestimated: For L ≈ 2λ/3, it is overestimated by ∼ 20%. For L < 2λ/3, the factor of the overestimation is even larger.
In the present work, the amplitude of gravitational waves in a local wave zone is much larger than that of systematic numerical errors. This fact enables to subtract them from the gauge-invariant variables accurately. If the magnitude of the errors is much larger than that of the amplitude of gravitational waves, however, it would not be possible to carry out an accurate subtraction. For example, in rotating stellar core collapse, the amplitude of gravitational waves in the local wave zone at r ∼ λ is at most ∼ 10 −5 according to gravitational waveforms calculated by a quadrupole formula [1] . To extract gravitational waves of such small amplitude, it is necessary to reduce the magnitude of the numerical errors. To achieve that, we need to impose more accurate outer boundary conditions. Developing such conditions is crucial in computing gravitational waves of small amplitude of O(10 −5 ) from raw data sets of metric.
Another possible method for computing accurate gravitational waves of small amplitude is to adopt a quadrupole formula taking into account higher-order post Newtonian terms.
As indicated in this paper, the simple quadrupole formula underestimates the amplitude of gravitational waves by O(M/R). In rotating stellar core collapse, the error in the amplitude will be ∼ 10%. To compute the amplitude within ∼ 1% error, we should take into account higher general relativistic corrections. In quadrupole formulas with the higher post Newtonian corrections (as derived in [29] ), it may be possible to obtain gravitational waveforms within 1% error. Such formulas will be useful to extract gravitational waves of small amplitude from rotating stellar core collapses and from oscillating neutron stars.
In addition to the study for gravitational wave extraction, oscillation modes of rotating neutron stars are analyzed. It is found that two modes (the fundamental quadrupole and quasiradial modes) are dominantly excited due to the global oscillation. The frequency of the quadrupole mode is proportional to GM/R 3 , and is higher than that of the quasiradial one for the typical values of mass and radius of neutron stars. It is shown that the amplitude of the quadrupole mode decreases with time due to an incoherent nature of the oscillation, but that of the quasiradial mode is not damped quickly, hence being the dominant mode after several dynamical timescales. We expect that in rotating stellar core collapse to a protoneutron star in a nearly quasistationary state, these two modes may be the main components in the burst phase of gravitational waves. The quadrupole mode will be damped within a few dynamical timescales and subsequently the quasiradial mode will be the dominant component to be longterm quasiperiodic waves.
